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1. Introduction
We investigate the nonlocal initial value problem for semilinear evolution inclusions
u′(t)+ Au (t) ∈ F(t, u (t)) t ∈ J,
u(0) =
m∑
i=1
γiu (ti)
(1)
where J denotes the real compact interval [0, T ], T > 0, 0 < t1 < t2 < · · · < tm < T , and γi are real numbers. Let X be a
real separable Banach space with norm ‖.‖X and let F : J × X → X be a multivalued function satisfying some conditions to
be specified later. Let L(J) denote the σ -algebra of all Lebesgue measurable subsets of J . Denote by ℘(X) the family of all
nonempty subsets of X and by B(X) the family of all Borel subsets of X . Let E := C(J; X) be the Banach space of continuous
functions u : J → X , equipped with the norm ‖u‖0 = sup{‖u(t)‖X ; t ∈ J}. L1 (J; X) is the Banach space of Bochner
integrable functions with norm ‖u‖L1 =
∫
J ‖u(t)‖X dt . A subsetΠ of L1 (J; X) is called decomposable if, for all u, v ∈ Π and
N ⊂ J measurable, uχN + vχJ−N ∈ Π , where χN(t) = 1 if t ∈ N, and 0 otherwise.
The importance of nonlocal conditions and their applications in different fields have been discussed in [1–3]. Nonlocal
Cauchy problems with single-valued right-hand sides have been extensively studied. See for instance [4–7] and the
references therein. Several papers have been devoted to the multivalued case. We refer the reader to [8–10]. Our main
motivation to consider semilinear evolution inclusions is the study of parabolic problemswith discontinuous nonlinearities,
which arise in the description of many phenomena in the applied sciences. See [11] for details and references. In this paper
we consider a semilinear evolution inclusion with a nonlocal condition. We provide sufficient conditions on the data that
will enable us to obtain existence results of at least one solution. Our approach is based onmultivalued analysis and suitable
fixed point theorems for multivalued operators.
Let X be as above and let (Y , ‖.‖Y ) be another Banach space. The multivalued map z : X → 2Y is called lower
semicontinuous (l.s.c.) if z−1(V ) is open in X whenever V ⊂ Y is open, or the set {x ∈ X;z(x) ⊂ B} is closed whenever
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B is closed in Y . When X ⊂ Y then z has a fixed point if there exists z ∈ X such that z ∈ z(z). ‖z(z)‖Y denotes
sup{‖y‖Y ; y ∈ z(z)}.
Let (Z, d) be a metric space. ℘`(Z) shall denote the subsets of Z having property (`) ; for instance ` = clmeans closed,
` = bmeans bounded and ` = cp is used for compact. Let A, B ∈ ℘(Z). The Hausdorff distance between A and B is defined
by
dH(A, B) := max{sup
a∈A
d(a, B), sup
b∈B
d(A, b)},
where d(a, B) = inf{d(a, b); b ∈ B} and d(A, b) = inf{d(a, b); a ∈ A}. Then (℘b,cl(Z), dH) is a metric space.
A multivalued operator z : Z → ℘cl(Z) is called
(i) δ-Lipschitz if and only if there exists δ > 0 such that dH (z(u),z(v)) ≤ δ d (u, v) for all u, v ∈ Z;
(ii) a contraction if and only if it is δ-Lipschitz with δ < 1.
For complete details on multivalued maps we refer the interested reader to the books [12–15].
2. Existence results
We shall assume that −A : D(A) → X is the infinitesimal generator of a compact analytic semigroup of uniformly
bounded linear operators, (T (t))t≥0, and there existsM ≥ 1 such that ‖T (t)‖ ≤ M for all t ∈ J , (for more details we refer to
[16]), and there exists a bounded operator B on D(B) = X given by the formula B = (I −∑mi=1 γiT (ti))−1. This is possible if,
for instance
∑m
i=1 |γi| < 1/M.
Definition 2.1. u ∈ E is a mild solution of (1) if and only if there exists f ∈ L1(J) such that f (t) ∈ F(t, u(t)) a.e. t ∈ J and
u(t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)f (s)ds+
∫ t
0
T (t − s)f (s)ds, t ∈ J. (2)
Theorem 2.1. Suppose that F : J × X → ℘cp(X) satisfies the following conditions
(H1) F isL(J)× B(X)measurable,
(H2) there exists `F ∈ L1(J;R+) such that
dH (F (t, u) , F(t, v)) ≤ `F (t) ‖u− v‖X , a.e.t ∈ J, u, v ∈ X,
dH(0, F(t, 0)) ≤ `F (t) , a.e.t ∈ J,
(H3) M ‖`F‖L1 (1+M ‖B‖op
∑m
i=1 |γi|) < 1.
Then Problem (1) has at least one solution.
Proof. Condition (H2) implies that
‖F(t, u)‖X ≤ `F (t) (1+ ‖u‖X ) . (3)
Define a multivalued operator Γ : E → ℘(E) by the right-hand side of (2), i.e.
(Γ u)(t) :=
{
v ∈ E; v(t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)f (s)ds+
∫ t
0
T (t − s)f (s)ds, f ∈ SF ,u
}
(4)
where SF ,u := {w ∈ L1(J; X);w(t) ∈ F(t, u(t)), a.e.t ∈ J} is the set of L1-selections of F . We show that Γ is closed i.e. has a
closed graph. For, let (un)n∈N, (zn)n∈N ⊂ E, un → u, zn ∈ Γ un, zn → z in E. Then, z ∈ E and there exists fn ∈ L1(J; X) such
that fn(t) ∈ F(t, un(t)) i.e. fn ∈ SF ,un and
zn(t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)fn(s)ds+
∫ t
0
T (t − s)fn(s)ds, t ∈ J.
Since (un)n∈N is bounded and F has compact values, it follows that {fn (t)}n∈N is relatively compact. Hence, passing to
subsequences if necessary, fn converges to some f ∈ L1(J; X). Hence f ∈ SF ,u and
z(t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)f (s)ds+
∫ t
0
T (t − s)f (s)ds, t ∈ J,
which shows that z ∈ Γ u. Thus, Γ u is nonempty and closed.
Next, we show that Γ is a contraction. For, let u1, u2 ∈ E and consider z1 ∈ Γ u1. Then, there exists h1 ∈ SF ,u1 , such that
z1(t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)h1(s)ds+
∫ t
0
T (t − s)h1(s)ds, t ∈ J.
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By (H2) we have
dH (F(t, u1 (t)) , F(t, u2 (t))) ≤ `F (t) ‖u1 (t)− u2(t)‖X , t ∈ J.
There exists ψ ∈ F(t, u2(t)) such that
‖h1(t)− ψ‖X ≤ `F (t) ‖u1 (t)− u2(t)‖X .
The multivalued mapΘ : J → ℘(X) defined by
Θ (t) = {ψ ∈ X; ‖h1(t)− ψ‖X ≤ `F (t) ‖u1 (t)− u2(t)‖X , t ∈ J}
is measurable. Hence, there exists h2 measurable such that h2(t) ∈ Θ (t) ∩ F(t, u2(t)) for each t ∈ J; so that h2(t) ∈
F(t, u2(t)) and
‖h1(t)− ψ‖X ≤ `F (t) ‖u1 (t)− u2(t)‖X , t ∈ J.
Set
z2(t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)h2(s)ds+
∫ t
0
T (t − s)h2(s)ds, t ∈ J.
Then
z1 (t)− z2 (t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)[h1(s)− h2(s)]ds+
∫ t
0
T (t − s) [h1(s)− h2(s)]ds, t ∈ J.
Since ‖T (t)‖ ≤ M it follows from (H2)
‖z1 (t)− z2 (t)‖X ≤ M2 ‖B‖
m∑
i=1
|γi|
∫ ti
0
`F (s) ‖u1(s)− u2(s)‖X ds+M
∫ T
0
`F (s) ‖u1(s)− u2(s)‖X ds
≤ M ‖`F‖L1
[
1+M ‖B‖
m∑
i=1
|γi|
]
‖u1 − u2‖E .
Interchanging the role of z1 and z2 we see that
dH(Γ u1,Γ u2) ≤ δ ‖u1 − u2‖E ,
where
δ := M ‖`F‖L1
[
1+M ‖B‖
m∑
i=1
|γi|
]
.
It follows from (H3) that Γ is a contraction. Nadler’s Theorem [17] implies that Γ has a fixed point u0, which is a solution
of (1). This completes the proof of the theorem.
Define the multivalued operator
F : E → ℘ (L1(J; X))
by
F (u) = {v ∈ L1(J; X); v (t) ∈ F(t, u(t)) for a.e. t ∈ J}.
Our next result is based on a selection theorem due to Bressan–Colombo [18]. 
Theorem 2.2. Suppose that F : J × X → ℘cp(X) satisfies, in addition to (H1), the following conditions
(H4) F(t, ·) is lower semicontinuous for a.e t ∈ J,
(H5) for each r > 0, there exists ωr ∈ L1(J;R+) such that
‖F(t, u)‖X ≤ ωr(t) a.e.t ∈ J, ‖u‖X ≤ r,
(H6) there exist h ∈ L1(J;R+) and Ψ : [0,∞)→ (0,∞) continuous and nondecreasing such that
‖F(t, u)‖X ≤ h(t)Ψ (‖u‖X ) for a.e. t ∈ J and u ∈ X,
(H7) supρ∈[0,∞)
ρ
M‖h‖L1Ψ (ρ)[1+M‖B‖
∑m
i=1|γi|] > 1.
Then (1) has at least one solution.
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Proof. By (H1), (H4), (H5) F is of lower semicontinuous type (see [19, Theorem 3.3]). Then, by Bressan–Colombo [18]
selection theorem, there exists a continuous function f : E → L1(J; X) such that f (u) ∈ F (u) for all u ∈ E. It follows
from (H7) that there exists K0 > 0 such that
K0
M ‖h‖L1 Ψ (K0) (1+M ‖B‖
m∑
i=1
|γi|)
> 1. (5)
(i) For λ ∈ (0, 1), consider the family of problems
u(t) = λ
[
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)f (u(s))ds+
∫ t
0
T (t − s)f (u(s))ds
]
, t ∈ J. (6)
Notice that if u ∈ E is a solution of (6) for λ = 1, then u is a solution of (1). Consider U := {u ∈ E; ‖u‖0 < K0}. Define
ϒ : U → E by
ϒu (t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)f (u(s))ds+
∫ t
0
T (t − s)f (u(s))ds.
We can easily show that ϒ is continuous.
(ii) ϒ maps bounded sets into bounded sets. For, let u ∈ Bρ = {v ∈ E; ‖v‖0 ≤ ρ}. Then, (H6) implies that
‖ϒu (t)‖X ≤ M2 ‖B‖
m∑
i=1
|γi|
∫ ti
0
h(s)dsΨ (ρ)+M
∫ t
0
h(s)dsΨ (ρ) ;
so that
‖ϒu‖0 = sup
t∈J
‖ϒu (t)‖X ≤
[
M ‖B‖
m∑
i=1
|γi| + 1
]
M ‖h‖L1 Ψ (ρ) . (7)
(iii) ϒ
(
U
)
is a uniformly equicontinuous family of functions. For, let τ1 < τ2 in J . Then
ϒu (τ1)− ϒu (τ2) =
m∑
i=1
γi[T (τ1)− T (τ2)]B
∫ ti
0
T (ti − s)f (u(s))ds
+
∫ τ1
0
T (τ1 − s)f (u(s))ds−
∫ τ2
0
T (τ2 − s)f (u(s))ds.
Hence
‖ϒu (τ1)− ϒu (τ2)‖X ≤ ‖B‖
m∑
i=1
|γi|
∫ ti
0
‖T (ti − s)‖ ‖f (u(s))‖X ds ‖T (τ1)− T (τ2)‖
+
∫ τ1
0
‖T (τ1 − s)− T (τ2 − s)‖ ‖f (u(s))‖X ds+
∫ τ2
τ1
‖T (τ2 − s)‖ ‖f (u(s))‖X ds.
Since ‖u‖0 < K0, condition (H6) implies
‖f (u(s))‖X ≤ ωK0(s) ∀s ∈ J.
Then
‖ϒu (τ1)− ϒu (τ2)‖X ≤ M ‖B‖
m∑
i=1
|γi|
∥∥ωK0∥∥L1 ‖T (τ1)− T (τ2)‖
+ ∥∥ωK0∥∥L1 maxs∈J ‖T (τ1 − s)− T (τ2 − s)‖ +M
∫ τ2
τ1
ωK0(s)ds.
We have (see [20, Proposition 1, page 3]) that there exists η > 0 such that
‖T (τ1)− T (τ2)‖ ≤ η√
τ1
√
τ2 − τ1.
Hence, as τ2 → τ1 we get ‖T (τ1)− T (τ2)‖ → 0 and maxs∈J ‖T (τ1 − s)− T (τ2 − s)‖ → 0. Also
∫ τ2
τ1
ωK0(s)ds → 0 as
τ2 → τ1 because ωK0 ∈ L1 (J). Thus
‖ϒu (τ1)− ϒu (τ2)‖X → 0 as τ2 → τ1.
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(iv) The set U (t) := {ϒu (t) ; u ∈ U} is precompact in E. For, let t > 0 and 0 <  < t . For u ∈ U define
(ϒu) (t) =
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)f (u(s))ds+
∫ t−
0
T (t − s)f (u(s))ds
=
m∑
i=1
γiT (t)B
∫ ti
0
T (ti − s)f (u(s))ds+ T ()
∫ t−
0
T (t −  − s)f (u(s))ds.
Since T (t) is compact for every t > 0, the set
U (t) := {(ϒu) (t) ; u ∈ U}
is precompact in X for every  ∈ (0, t). Moreover, for u ∈ U we have
‖(ϒu) (t)− ϒu (t)‖ ≤
∫ t
t−
‖T (t − s)f (u(s))‖ ds ≤ M
∫ t
t−
ωK0(s)ds.
Since ωK0 ∈ L1 and meas([t − , t]) <  it follows that
‖(ϒu) (t)− ϒu (t)‖ → 0 as  → 0.
(v) Next, by (H6) and (H7) all solutions of (6) satisfy
‖u‖0 ≤
[
M ‖B‖
m∑
i=1
|γi| + 1
]
M ‖h‖L1 Ψ (‖u‖0) . (8)
Suppose, now that there exist u ∈ ∂U and λ ∈ (0, 1) such that u ∈ λϒu. Then u satisfies (6) and ‖u‖0 = K0. It follows from
(7) that
K0 ≤
[
M ‖B‖
m∑
i=1
|γi| + 1
]
M ‖h‖L1 Ψ (K0) . (9)
This, obviously, contradicts the definition of K0 (see (5)). Consequently, the first alternative in Theorem 2.5 in [19] holds;
i.e. the multivalued operator ϒ has a fixed point u, which is a solution of (1). 
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